We study * -representations of certain algebras which can be described in terms of graphs and positive functions (weights) on the set of their vertices, continuing an earlier investigation of the case where the graph is a Dynkin graph or an extended Dynkin graph with a weight of a special kind.
Introduction
In a series of recent papers (see [MSV05] and the bibliography therein) algebras generated by a family of self-adjoint linearly connected elements and their * -representations were studied. The interest in such algebras and their * -representations is due to their relations with such topics as the Horn problem and its modifications (see [Ful00] and the references therein), deformed preprojective algebras (see, e.g., [CBH98] ), locally scalar representations of graphs (see [KR05] ), additive spectral problem (see [KPS05] ), singular integral operators (see [Vas98] ).
Consider an algebra generated by the self-adjoint elements, a l , l = 1, . . . , n which satisfy the relations p l (a l ) = 0, l = 1, . . . , n, a 1 + · · · + a n = λe, where the roots of the polynomial p l (·), l = 1, . . . , n are real numbers 0 < α
To such an algebra we put in correspondence a star-shaped graph Γ with n branches connected at a root vertex, such that the l-th branch has k l vertices, and a non-negative function (weight) χ on the set of its vertices, taking the values α (l) j at the vertices on the branches, and the value λ at the root vertex. The algebra related to a graph Γ and a weight χ is denoted by A Γ,χ (see Section 1.1).
The properties of the algebra A Γ,χ , and the structure of its * -representations are quite different for the cases where Γ is a Dynkin graph, an extended Dynkin graph or none of them. The * -representations of the algebras A Γ,χ in the case where Γ is a Dynkin graph were studied in [KPS05] , different results on representations of the algebras A Γ,χ in the case where Γ is an extended Dynkin graph were obtained in [OS99, AOS05] and the bibliography therein. For the cases where Γ properly contains an extended Dynkin graph, only partial examples of * -representations of A Γ,χ were studied [KRS02, MRS04] .
In this paper, we study * -representations of algebras A Γ,χ in the cases where Γ is an extended Dynkin graph (Section 2), or properly contains an extended Dynkin graph (Section 3).
The Coxeter functors (see [KRS02, Kru02] ) are used for the study of the representations of the algebras A Γ,χ . In Sections 1.2, 1.3 we recall the necessary definitions and facts about the Coxeter functors and their relations to locally scalar representations of graphs.
By applying the Coxeter functors S, T , starting with a representation of A Γ,χ , one obtains representations of two more algebras, corresponding to the same graph, but different weights. Taking a weight for which the representations of A Γ,χ are known, this procedure enables one to describe the representations of the whole series of algebras, corresponding to the weights obtained as results of the action of the Coxeter functors.
This way, the problem of the study of the evolution of weights under the action of the Coxeter functors arises. In the case of an extended Dynkin graph, in Section 2.1 we obtain the formula for the evolution of an arbitrary weight χ under the action of some powers of the (ST ) functor. This formula is then used in Section 2.2 to prove that if Γ is an extended Dynkin graph, then any irreducible * -representation of A Γ,χ is finite-dimensional regardless of the choice of χ (Theorem 2).
In Section 3 we study the case where the star-shaped graph Γ is neither a Dynkin graph, nor an extended Dynkin graph, i.e., Γ properly contains an extended Dynkin graph as a subgraph.
In the case of extended Dynkin graphs, one knows weights which possess extra invariance properties. In this paper, we introduce p-invariant (invariant up to a positive multiplier) weights for general star-shaped graphs and study their properties (Section 3.2). The formulas for these weights are based on the positive solutions of a certain equation related to the graph (Section 3.1). In Section 3.4 we show that its positive solutions can be expressed in terms of the index of the graph (the highest eigenvalue of its adjacency matrix).
Following [RR04] we decompose any p-invariant weight into odd and even parts and study their evolution under the Coxeter functors (Section 3.3); similar formulas have been independently obtained in [Red05] in different terms. The obtained formulas are used in Section 3.5 to prove that for any graph containing an extended Dynkin graph as a proper subgraph there exists a weight such that the corresponding algebra has infinite-dimensional irreducible * -representations (Theorem 5).
Theorem 2 together with Theorem 5 gives that an infinite-dimensional irreducible representations arise if and only if Γ properly contains an extended Dynkin graph. The latter fact was formulated as an hypothesis in [RR04] in the setup of locally scalar representations of graphs.
Preliminaries
In this section we give the necessary definitions and recall some basic facts which will be used throughout this paper. We introduce the algebras A Γ,χ related to a star-shaped graph Γ and a non-negative function χ on the set of its characters. We recall the formulas for the action of the Coxeter functors and their relations to the reflections arising in the study of locally scalar representations of graphs.
Functions on graphs and related algebras
Let Γ be a star-shaped graph, i.e., a simply-laced non-oriented graph consisting of n branches connected to a single root vertex, such that the l-th branch has k l vertices, l = 1, . . . , n. Any real-valued function on the set of vertices is defined by a weight on the graph, χ = (α
where α
are the values on the vertices of l-th branch starting from a non-root extreme point, and λ is the value on the root vertex. Speaking of weights we also assume that 0 < α
for each l = 1, . . . , n and λ ≥ 0 unless indicated explicitly. Given a graph Γ and a weight χ on Γ consider the * -algebra A Γ,χ over C generated by self-adjoint elements a l , l = 1, . . . , n, which satisfy the relations
. . , n. A * -representation π of this algebra is determined by an n-tuple A 1 = π(a 1 ), . . . , A n = π(a n ) of self-adjoint operators in a Hilbert space, such that A 1 + · · · + A n = λI and the spectrum of each A l is contained in {0, α
Notice that the algebras corresponding to weights χ 1 , χ 1 shich are proportional, i.e., such that χ 1 = αχ 2 for some α > 0, are * -isomorphic. Therefore, from the viewpoint of representations of A Γ,χ such weights are equivalent.
Coxeter functors
The essential tool for the study of * -representations of A Γ,χ are the reflection (Coxeter) functors introduced in [KRS02, Kru02] (for non-involutive case, see [BGP73] ). Namely there exist two functors, S :
(we put α
Notice that the construction of the T functor requires λ > 0.
The action of these functors on * -representations gives rise to their action on the set of weights, S : χ → χ , T : χ → χ which is extensively used to study the structure and properties of representations of algebras introduced above.
The basic idea is that we choose some χ for which the structure of the representations of A Γ,χ is already known. Then, since S 2 = T 2 = id the categories A Γ,χ , A Γ,χ and A Γ,χ are equivalent. Applying S and T we thus can study representations of the whole series of algebras, corresponding to the images of χ under this action (to apply these functors, at each step we need to take care of the positivity of the coefficients of the weights, however). Also, if for some χ the algebra has no representations, then we conclude that for the whole series of the algebras there are no representations.
Locally scalar representations of graphs and the Coxeter functors
In this section we give the necessary definitions and facts on locally scalar representations of graphs introduced in [KR05] . A locally scalar representation π of a graph Γ is defined as follows. To each vertex g of Γ we associate a Hilbert space H g , and to each edge connecting the vertices g and h we associate a pair of operators, A gh :
here we write h ∼ g for those vertices h which are connected with g by an edge; x j ≥ 0, and I g is the identity operator in H g . A locally scalar representation gives rise to the non-negative function u on the set of vertices of the graph Γ given by u(g) = x g . This function is called a character of the locally scalar representation π of the graph Γ.
Let u be a function on the set of vertices of Γ. Denote by σ g the reflection operator at a vertex g which is given by the following rule:
Following [KR05] we decompose the set of vertices Γ v of the graph Γ into odd and even parts (i.e., we fix a colouring),
Γ v so that any edge connects an even vertex with an odd vertex. However, unlike [KR05] , we always assume that the root vertex is odd. Let c be the compositions of reflections at all odd and even points respectively (the order is irrelevant since all odd reflections commute and all even reflections commute). For the detailed definitions and properties of these mappings, see [KR05, RR04] .
As shown in [KPS05] , there is a correspondence between the non-degenerate * -representations of the algebras A Γ,χ and the non-degenerate locally scalar representations of Γ. Namely, given a non-degenerate * -representations of the algebra A Γ,χ , following [KPS05] one can construct a locally scalar representation of the graph Γ with the character
where y = λ, and
and so on; l = 1, . . . , n. Conversely, given a non-degenerate locally scalar representation of the graph Γ with the character u, one can construct a * -representation of the algebra A Γ,χ , where χ is reconstructed from u by using the formulas inverse to (4) (see [KPS05] for the details).
Let C be the (invertible) operator such that Cχ = u for any χ and u defined by the formulas (1), (3). Proposition 1. Let the set of vertices of the graph Γ be decomposed into the odd and even parts so that the root vertex is odd. Then the action of the functors S and T on χ is the same as the actions of Proof. A direct calculation using the formulas (2) and (3)
Weights on extended Dynkin graphs and representations
When applying the Coxeter functors to the study of the representations of the algebras A Γ,χ , the problem arises to study how a function on the graph Γ transforms under the action of the Coxeter functors. Thus, there arises a linear dynamical system on the set of weights, generated by the mappings S and T .
Evolution of weights on extended Dynkin graphs
We start with the study of weights which are invariant under the action of the mappings S and T . The following well-known fact shows that such weights exist only for the case where Γ is an extended Dynkin graph, and are essentially unique.
Proposition 2. Let Γ be a star-shaped graph and let χ Γ be a weight on a star-shaped graph Γ, invariant with respect to the action of the functors S, T . Then Γ is an extended Dynkin graph (one ofD 4 ,Ẽ 6 ,Ẽ 7 ,Ẽ 8 ), and χ Γ , up to a multiplier, has the following form: 
For the case of an arbitrary weight on a star-shaped graph the formulas for the action of S and T are rather complicated. However, for the case of extended Dynkin graphs, we have an explicit formula for the action of the powers of (T S) p Γ (p Γ −1) , where p Γ is a number depending on the graph.
For any weight χ on Γ, where Γ is an extended Dynkin graph, introduce ω Γ (χ) as follows:
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Also put p Γ = ω Γ (χ Γ ), where ω Γ is defined by (5). Then p Γ = 2, 3, 4, 6 for Γ beingD 4 , E 6 ,Ẽ 7 andẼ 8 respectively. Theorem 1. Let Γ be an extended Dynkin graph. For any k ∈ N and any weight χ we have
where λ is the value of χ at the root vertex.
Proof. Following [Ost05b] , norm the weight χ so that ω Γ (χ) = ω Γ , then χ can be represented as χ = χ Γ +χ, whereχ is (not necessarily positive) weight on Γ, such that ω Γ (χ) = 0; also, represent λ = ω Γ − γ. Then the statement is a matter of a direct calculations.
Corollary 1. If for a weight χ on an extended Dynkin graph the value of χ at the root vertex is equal to ω Γ (χ), then the orbit of χ under the action of S, T is finite (i.e., it is a cycle of the corresponding dynamical system).
It was already noticed that if two weights, χ 1 , χ 2 , are proportional, χ 1 = αχ 2 , α > 0, then the corresponding algebras A Γ,χ 1 and A Γ,χ 2 are * -isomorphic. Therefore, it makes sense to consider weights and their evolution up to a positive multiplier.
Corollary 2. Let χ be a weight on an extended Dynkin graph. Denote by
2.2 * -Representations of A Γ,χ . Case of an extended Dynkin graph Let Γ be an extended Dynkin graph, and let χ be a weight on it.
Theorem 2. All irreducible * -representations of the algebra A Γ,χ where Γ is an extended Dynkin graph are finite-dimensional.
Proof. Let π be an irreducible representation of the algebra A Γ,χ , where Γ is an extended Dynkin graph. The following cases can arise.
1. Let λ = ω Γ (χ) (λ is the value of χ at the root vertex, ω Γ (·) is defined in Section 2.1). It is shown in [Mel05, MSV05] that the corresponding algebra is finite-dimensional over its center, and therefore, it is a PI-algebra (for PI-algebras see, e.g., [Pie82] ). This implies that the dimensions of all its irreducible representations are bounded.
2. Let λ < ω Γ (χ). We take a representation π of the algebra A Γ,χ and apply the (ST ) k functors, k ∈ N. As a result we get representations of the algebras corresponding to the weights χ k = (ST ) k . However, it follows from Theorem 1 that the coefficients of χ k infinitely decrease with k. This means that at some step, the functors cannot be applied anymore. We show that in this case either there cannot exist representations (therefore, there are no representations for χ), or the representation is an obvious extension of a representation of a subalgebra corresponding to some subgraph (such subgraph is a Dynkin graph, and the corresponding algebra is finite dimensional, therefore it has a finite number of representations all of which are finite-dimensional). This means that the initial representation π is obtained from some finitely dimensional representation of A Γ,χn for some n as a result of applying of the (T S) n functor, and therefore, is finite dimensional as well.
Notice first that if some of the coefficients of χ are larger than λ, then the corresponding projections are zero. Indeed, let P j , j = 1, . . . , m be orthogonal projections such that m j=1 α j P j = λI, where α j > 0, j = 1, . . . , m, and α k > λ for some k. Then j =k α j P k P j P k = (λ − α k )P k which is possible only for P k = 0 since the left-hand side of the latter equality is non-negative, but the right-hand side is non-positive.
In the case where some of the (non-root vertex) coefficients of χ are equal to λ, the corresponding projection commutes with all other projections and therefore, it is either the identity (in this case all other projections are zero), or zero.
Thus, in both cases, the representation is in fact a representation of a subalgebra in A Γ,χ corresponding to some subgraph. Now let all coefficients of χ k , k ≤ n be positive, and some coefficient of χ n+1 be negative or zero. Taking into account the way the functors act on weights, we easily see that this means that the corresponding coefficient of χ n is larger or equal to λ n .
To complete the proof, it is now sufficient to show that for any λ < ω Γ (χ) there exists such an n, that some coefficient of χ n is negative or zero. But this immediately follows from Theorem 1, which completes the proof in the case λ < ω Γ (χ).
3. Let λ > ω Γ (χ). Apply the S functor to the weight χ, then we get a weight χ with λ < ω Γ (χ ) and the arguments above apply.
3 Weights on general star-shaped graphs and representations
Equation related to a star-shaped graph
Let Γ be a star-shaped graph having n branches connected at a root vertex, and let the l-th branch have k l vertices (excluding the root vertex), l = 1, . . . , n.
In what follows, we will use solutions of the following equation
Theorem 3. (See [Ost05b] ). The equation (6) have no solutions on [0, ∞) if and only if the corresponding graph Γ is one of the Dynkin graphs
, or E 8 . The equation (6) has a unique solution on [0, ∞) if and only if the corresponding graph Γ is one of the extended Dynkin graphsD 4 ,Ẽ 6 ,Ẽ 7 , orẼ 8 , this solution is t = 1. In all other cases (i.e., where Γ is neither a Dynkin graph nor an extended Dynkin graph), the equation (6) has on [0, ∞) two solutions 0 < t 1 < 1 < t 2 < n − 1.
Proof. Consider auxiliary functions φ k (x) = (1 + x + · · · + x k ) −1 , so that (6) takes the form
Calculations give the following formula
For each of the extended Dynkin graphs, a direct calculation shows that f Γ (1) = 0 and f Γ (1) = 0, which gives the uniqueness of the solution for the case of extended Dynkin graphs.
Each of the Dynkin graphs D 4 , E 6 , E 7 , E 8 is a subgraph of the corresponding extended Dynkin graph, which gives the inequalities for the corresponding functions, f D 4 (s) < fD
(s) for s ≥ 1. For the graphs A n , n ≥ 1, and D n , n > 4, one checks directly the inequality f Γ (s) < 0, s ≥ 0, where Γ is one of these graphs.
Let Γ be neither a Dynkin graph, nor an extended Dynkin graph. Then Γ contains a subgraph Γ 0 which is an extended Dynkin graph, and therefore, the inequality f Γ (s) > f Γ 0 (s) holds for s ≥ 1, in particular, f Γ (2) > 0. To complete the proof notice that f Γ (0) = −1 and f Γ (n − 1) < 0, and f (s) < 0 guarantees that there are only two solutions on the interval [0, ∞).
Proposition 3. Let t be a solutions of (6). Then t −1 is also a solution of (6).
Proof. Indeed,
Remark 1. Another form of the equation (6) arose recently in [RR04, Red05] . Let t be a positive solution of (6) (any of the two). We put λ = t + t −1 + 2 and following [Red05] 
Also, define
Then (6) is equivalent to the relation ρ λ (k 1 , . . . , k n ) = λ.
p-Invariant weights on star-shaped graphs
As noticed above, for a graph which is not an extended Dynkin graph, there is no weight which is invariant under the action of the functors S and T . However, as noticed above, when studying the algebras A Γ,χ , it is natural to identify weights χ 1 and χ 2 such that χ 1 = αχ 2 , α > 0. Therefore, it is natural to consider the evolution of the weights up to a positive multiplier. Below we introduce and study the weights which are invariant under the action of T S up to a multiplier (p-invariant weight).
For a graph Γ which is not a Dynkin graph, we introduce the weight χ Γ as follows:
where t is a solution of (6). For an extended Dynkin graph such a weight is unique (since (6) has a unique solution t = 1) and coincides, up to a multiplier, with the invariant weight (5). For any graph containing an extended Dynkin graph properly there are two such weights corresponding to the two positive solutions of (6).
Proof. Indeed, the equality
and by a direct calculations we get (T S)χ Γ = 1 t χ Γ .
Evolution of odd and even components of the invariant weight
In this section, similarly as in [RR04] we decompose the invariant weight into the odd and even parts (in [RR04] such parts are called the odd and even standard characters) and study their evolution under the action of the Coxeter functors. Formulas for such an evolution for special classes of graphs were obtained in [RR04] . We essentially follow [Ost05a] (a different approach was independently used in [Red05] to obtain similar results).
To decompose a weight χ we construct the corresponding character of the locally scalar representation of the graph Γ by using the formulas (4). Applying these formulas to the invariant weight χ Γ we have the following character of locally scalar representation:
where for each l = 1, . . . , n,
and so on.
Following [KR05] we decompose the set of vertices Γ v into the odd and even parts,
However we assume that the root vertex is odd. According to the decomposition of Γ v we decompose u Γ into the odd end even parts,
In other words, the odd part 
Proof. Denote by σ g the reflection at a point g ∈ Γ v and define the mappings Lemma 1. Let the character u Γ be defined by (11), (12). For the odd vertices we have (σ g u)(g) = t −1 u(g). For the even vertices we have (σ g u)(g) = t u(g).
Lemma 1 implies that the following statement holds.
Lemma 2. Let the character u Γ be defined by (11), (12). Then
Then the following formulas follow from Lemma 2 by the induction:
Now the statement follows from Proposition 1.
Remark 2. Since
Corollary 3. For a character of the form v = α
Then we have formulas similar to the ones obtained in [RR04] :
Here ρ λ (·) is defined by (7). Notice that in [RR04] , the condition t > 1 was assumed, while we admit as t any of the two positive solutions of (6).
Proposition 5. Let u Γ be the invariant character, constructed by the same formulas (3), (12) as u Γ but with t −1 instead of t. Then for t > 1
Proof. Let t > 1. It was shown in [RR04] that lim j→∞ ρ λ−2 (j) = 1 + t −1 which implies the first formula.
The same formula yields
• u Γ be odd and even components of u Γ . The nonzero components of
which is invariant under replacement t → t −1 . Therefore,
which implies
For t < 1 we have lim j→∞ ρ λ−2 (j) = 1+t. The rest of the proof is the same as above.
Remark 3. Formula (9) gives two different invariant weights χ Γ,1 and χ Γ,2 corresponding to the two different positive solutions 0 < t 1 < t 2 of (6). By applying the procedure described above in this section, we can decompose each of these invariant weights into the odd and even parts, χ Γ,1 =
, and apply Theorem 4 to study their evolution under the action of the Coxeter functors. However, these odd parts and even parts coincide up to a positive multiplier. In fact, substituting in (12) t −1 instead of t we have
Therefore, both t 1 and t 2 determine the same pair 
Index and the highest eigenvector of a star-shaped graph
In this section we show that the positive solutions of (6) can be expressed via the index of the star-shaped graph Γ. Recall that the index of a graph is the highest eigenvalue of its adjacency matrix (see, e.g., [CDS79] ). Also we show that the corresponding eigenvector can be expressed via the odd and even parts of the invariant character.
Proposition 6. Let r be the index of a star-shaped graph Γ. Then
where t is a positive solution of (6).
Proof. Follows immediately from Remark 1 and [Red05, Theorem 4.2].
Proposition 7.
• u Γ + t 1/2 • u Γ is a (unique) eigenvector corresponding to the highest eigenvalue r of the graph Γ.
Proof. Let a vector u of the form (3) be an eigenvector of the adjacency matrix corresponding to r. Then it is unique up to a multiplier, which can be chosen so that all the coefficients of u are positive (see, e.g., [CDS79] ). The explicit form of the action of the adjacency matrix gives the conditions: Proof. Let Γ ⊃ Γ. Then any irreducible representation of A Γ,χ can trivially be extended to an irreducible representation of A Γ ,χ , where χ coincides with χ on vertices of Γ and is arbitrary outside Γ. Therefore, it remains to prove the statement for the following critical graphs: Γ (1,1,1,1,1) , Γ (1,1,1,2) , Γ (2,2,3) , Γ (1,3,4) , Γ (1,2,6) (see Figure 1) , since any star-shaped graph containing an extended Dynkin graph as a proper subgraph, contains (or coincides with) one of the five listed above. Notice that the statement is known for Γ (1,1,1,1,1) [KRS02] and for Γ (1,1,1,2) [MRS04] After some calculations one can see that the components of the characters
are increasing along branches, (w p )
j , for p ≥ k = max k l . Let χ p be the corresponding weight on the graph constructed by the procedure inverse to (4). Then the components of χ p are positive and increasing along branches, (χ p ) (l) j+1 > (χ p ) (l) j , j = 1, . . . , k l − 1, l = 1, . . . , n. This property of weights is essential for the representations of the corresponding algebra A Γ,χp . Moreover, for p = k, we have (χ k ) (l) k = 1 (k l = k) which enables one to construct a one-dimensional representation for this algebra.
Since the action of T and S is induced by the action of c, by applying the powers of (T S) to this representation, we get irreducible representations of the whole family of algebras A Γ,χ j , j = k + 2r, r = 0, 1,. . . .
Applying Proposition 5 and the results of [Shu02] we conclude that the algebra A Γ,χ Γ has at least one * -representation.
